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Abstract
This letter treats of the power-law distribution of the sales of items. We propose a simple stochastic model which
expresses a selling process of an item. This model produces a stationary power-law distribution, whose power-law
exponent is analytically derived. Next we compare the model with an actual data set of movie income. We focus on
the return on investment (ROI), defined as the gross income divided by the production budget. We confirm that the
power-law exponent of ROI distribution can be estimated from the ratios of income between two adjoining weeks, as
predicted by the model analysis. Moreover, exponential decay of weekly income is observed both in the model and
actual income. Therefore, the proposed model is simple enough, but it can quantitatively describe the power-law
sales distribution.
The heavy-tailed distributions, including the power-law
and log-normal distributions, have been found in various
social phenomena [1, 2]. For example, the stock volatil-
ity [3], the human mobility [4], and the population of
cities [5] follow power-law distributions, and the citation
of physics papers [6], the polling score of election [7] and
the population of villages [8] follow log-normal distribu-
tions. A remarkable implication of the heavy-tailed dis-
tribution is that it admits very large elements (statistical
outliers) almost inevitably.
The distribution of the sales of the items typically fol-
lows a power-law distribution [9–12], which means that
popular items sell far better than niche items. At the
same time, a very large number of niche items can bring
a non-negligible percentage of sales, and this property is
called the long-tail phenomenon [13]. By applying the
ideas of the critical exponents and universality class from
statistical physics [1,14], the power-law exponent is inter-
preted as giving information about market and consumer
behavior. However, the meaning of the exponent and the
process by which it is determined remain unclear.
The aim of this letter is to explain a simple and general
mechanism of power-law sales distributions. We propose
a simple stochastic model for an item’s selling process.
This model produces a stationary power-law distribution,
which corresponds to the distribution of the sales amount.
Moreover, in order to show that the proposed model is
comparable with actual process, we carry out analysis of
data on U.S. movie income.
The stochastic model we propose is in the following
form:
xt+1 = µtxt, (1a)
St+1 = St + xt, (1b)
where t = 1, 2, . . . . This set of equations expresses a sell-
ing process of a particular item. We regard xt as the
sales amount in tth period, and set the initial condition
x1 = constant for simplicity. We set S1 = 0, so that
St = x1 + · · ·+ xt−1 represents the total sales amount up
to t − 1. Figure 1 depicts the illustration of model (1).
In the graph of xt as a function of t, St is given by the
area under the xt curve. The stochastic process {xt}
given by Eq. (1a) is known as the Gibrat process [15],
and xt approximately follows the log-normal distribution
for large t [16]. Note that Eq. (1a) implies positive feed-
back of the sales amount. That is, if an item sells well in
a certain time period, it tends to make a large profit also
in the following period. The growth rate µt is a random
number, and for simplicity, we assume that µt is indepen-
dent and drawn from the same probability distribution
for different t. The accumulated sales amount St becomes
stochastic by the fluctuation of µt.
Analysis [17] of Eq. (1) reveals that for large t, the
cumulative distribution of St has a stationary power-law
tail P (St > s) ∝ s
−β , which corresponds to the power-law
sales distribution. The power-law exponent β is given by
the positive solution of
E(µβt ) = 1, (2)
where E(·) stands for the average. Note that the expo-
nent β is determined only from µt.
xt
t  1
St
xt  1
Time t
Figure 1: Illustration of the proposed model (1). St is
expressed as the area under the xt curve.
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Figure 2: Cumulative distribution of gross income and return on investment (ROI). (a) U.S. gross domestic income
of 665 movies released in 2012 (from Box Office Mojo). (b) ROI of 108 movies in 2012. (c) ROI of 3906 movies listed
in The Numbers database. The ROI distributions have power-law tails with exponents of (b) −1.04 and (c) −1.12.
Now, we check whether the proposed model (1) cap-
tures the essence of actual data. We analyzed movie in-
come, because sufficient information for our study is avail-
able free online. We used a week as the unit of time t in
Eqs. (1) and (2) in order to smooth out the daily fluc-
tuations, e.g., larger audiences on weekends. Intuitively,
it is plausible to consider that the variable St at large t
corresponds to gross income, but this perspective has a
problem. We emphasize here that xt and St in Eq. (1)
are random variables which describe the selling process of
a particular item (movie title). We cannot directly com-
pare the empirical distribution of gross income made by
gathering a number of different movies and the theoreti-
cal distribution of St (especially the stationary power law
P (St > s) ∝ s
−β), because income of different movies
are generally not statistically similar to each other. In
fact, the income is associated with the financial scale of
the movie, and an expensive movie tends to earn large
income [18].
Here we deduce an appropriate measure for our study,
in place of the movie income. For simplicity, we assume
that different movies, namely a pair of random variables
(x
(t)
i , S
(t)
i ) for the movie i, share the same dynamics (1),
which means that the growth rate µt has the same dis-
tribution for different movies. The scale of the movie i,
which is denoted by b(i), is included only in the initial
value as x
(1)
i = xb
(i), where x is a constant. Obviously
S
(t)
i and x
(t)
i depend on the scale b
(i), so they are not
statistically similar for different i. On the other hand,
x˜
(t)
i = x
(t)
i /b
(i) and S˜
(t)
i = S
(t)
i /b
(i) again follows Eq. (1),
whose initial values x˜
(1)
i = x and S
(1)
i = 0 are constant
for all i. Thus, S˜
(t)
i , instead of income S
(t)
i , is statistically
similar for different i. In this study, we chose the pro-
duction budget for b(i); S˜
(t)
i at large t, corresponding to
the gross income of the movie i divided by its production
budget, is called return on investment (ROI). The ROI is
a measure of a movie’s success; a movie is in the black if
its ROI is greater than 1 and is in the red otherwise. We
expect the empirical distribution of ROI to be comparable
with the theoretical stationary distribution of St.
Figure 2a shows the cumulative distribution of U.S.
gross domestic income for 665 movies released in 2012.
This set of data is collected from the free online database
Box Office Mojo [19]. This distribution does not possess a
clear power-law tail. There are various opinions about the
distribution of gross income; some reports claim that the
gross income follows a power law [20, 21], whereas others
are not [18,22]. In contrast, Fig. 2b shows the distribution
of ROI of 108 movies that came out in 2012, which ex-
hibits heavy-tailed behavior. We could compute the ROI
of only 108 movies because the production budgets of the
other movies were not in Box Office Mojo database. By
using the method of maximum likelihood [23], the power-
law exponent of the tail, corresponding to ROI larger than
100, is calculated as β = 1.04, and this power law is shown
as the straight line in Fig. 2b. The standard error on β
is σ = 0.13; σ becomes large because only 68 movies in
Fig. 2b achieve ROI more than unity. To obtain more
samples, we used another database, The Numbers [24],
which provides a more complete list of production bud-
gets and allowed us to compute the ROI of 3906 movies
from 1915 to April 2014. The ROI distribution generated
by this list, shown in Fig. 2c, also has a power-law tail.
The estimated power-law exponent is β = 1.12 ± 0.03 in
the range where ROI is more than 2, indicated by the
straight line. From these results, ROI approximately fol-
lows Zipf’s law [25]. The following is the discussion that
the distribution of St from Eq. (1) is consistent with the
actual distribution of ROI.
Let us check whether Eq. (2) gives a satisfactory es-
timate of β, assuming that actual movie income follows
model (1). The variable µt is calculated as the ratio of the
income on week t+ 1 to that on t (i.e., µt = xt+1/xt). In
Fig. 3a, we show the histogram of µt built from the weekly
records of top-100 movies released in 2012 obtained from
Box Office Mojo database. By using the set of µt’s, we
calculate E(µβt ) as a function of β (Fig. 3b), and find
that β = 1.10 is the positive solution of E(µβt ) = 1. This
solution is close to the exponent β = 1.04 and 1.12 ob-
tained from the ROI data presented in Fig. 2. Similarly,
we find β = 1.09 and 1.08 from the top-200 movies in 2012
(Fig. 3c) and the top-100 movies in 2010 (Fig. 3d), respec-
tively. That is, the estimate of β does not depend strongly
on the rank or the released year. Based on model (1), we
obtain a good estimate of β, and this result supports the
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Figure 3: Estimate of power-law exponent β. (a) Fre-
quency histogram of the ratio µt of weekly income be-
tween two adjoining weeks compiled from top-100 movies
in 2012. (b) To determine β, we calculated E(µβt ) as a
function of β, by using top-100 movies in 2012. The pos-
itive solution of E(µβt ) = 1 is β = 1.10. (The trivial
solution β = 0 always exists, but it is irrelevant to the
power-law exponent.) (c) β = 1.09 is obtained from top-
200 movies in 2012. (d) β = 1.08 is obtained from top-100
movies in 2010.
validity of the model.
In Fig. 3a, µt mostly falls between 0 and 1, but there
exist a few large values. To see this in more detail, we give
further statistical analysis for the distribution of µt. The
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Figure 4: Cumulative distribution of µt’s built from the
record of top-100 movies in 2010. A log-normal distribu-
tion is suitable in µt < 1, and power-law decay appears in
µt > 1.
overall cumulative distribution of µt is shown in Fig. 4.
Clearly, behavior critically changes at µt = 1; the dis-
tribution of µt approximately follows a log-normal distri-
bution in µt < 1, while the distribution roughly exhibits
power-law decay, having exponent −1.19, in µt > 1. The
discontinuous crossover at µt = 1 perhaps causes a great
disparity between hit movies and poor movies. (Power-
law exponent −1.19 is not directly related to the expo-
nent β of the ROI distribution.)
Next, we discuss a statistics of an individual movie. By
taking the logarithm of Eq. (1a), we obtain
lnxt+1 = lnxt + lnµt.
This equation means that xt is a random walk on a
logarithmic scale and its average displacement per step
is E(lnµt). Thus, on a linear scale, xt typically de-
creases exponentially according to xt ∝ exp(−γt), where
γ = −E(lnµt) is the decay rate. This theoretical out-
come is qualitatively correct for actual movies. Figure 5
shows the weekly income of the 1st, 10th, 50th, 100th, and
150th highest grossing movies in the U.S. released in 2012
and confirms their exponential decay. Their decay rates
are respectively γ1 = 0.453, γ10 = 0.561, γ50 = 0.607,
γ100 = 0.716, and γ150 = 0.598. (The unit of γ is week
−1.)
On the other hand, by using the distribution of µt shown
in Figs. 3a and 4, we obtain −E(lnµt) = 0.416week
−1.
Mathematically, γ > 0 (equivalently E(lnµt) < 0) is a
necessary condition for St to have a stationary power-law
distribution [17]. A previous study [18] reported the expo-
nential decay of daily movie income, but without propos-
ing a simple mechanism like Eq. (1). Furthermore, the
weekly income per theater of a movie shows a power-law
decay in time [18], but this result cannot be obtained by
the model in this letter.
A movie has a running period for which it is shown in
theaters. Yet, we have compared the actual ROI distri-
bution and the stationary distribution of St, without con-
sidering the effect of finite running period in the model.
We can properly exclude it, based on the discussion as
follows. As shown in Fig. 5, the weekly income decreases
approximately exponentially. Hence, income in first sev-
eral weeks accounts for a large percentage of the gross
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Figure 5: Exponential decay of weekly gross income. The
weekly income of the 1st, 10th, 50th, 100th, and 150th
highest-grossing movies in 2012 (Marvel’s the Avengers,
Madagascar 3, Chronicle, The Five-Year Engagement,
and Casa de Mi Padre, respectively) decrease exponen-
tially with a common decay rate. The curve for the 1st
movie has the jump from week 17 to week 18, which
is mainly because theaters showing this movie increased
sharply in week 18. The curves for the 100th and 150th
movies end before week 10 because weekly records are in-
clined to be incomplete in lower-ranked movies.
income. More accurately, if a movie has T running weeks
and its weekly income follows exact exponential decay
xt = x exp(−γ(t− 1)), the gross income is given by
ST+1 =
T∑
t=1
xt =
1− e−γT
1− e−γ
x.
The gross income of this movie if it has infinite running
weeks is S∞ = x/(1 − exp(−γ)), which corresponds to
the theoretical stationary value of the gross income. The
ratio of ST+1 to S∞ is
ST+1
S∞
= 1− e−γT .
A typical value of the decay rate is γ = 0.5week−1, and
the average running period of top-100 movies in 2012 is
T = 15.7 weeks (see Fig. 6 for reference). Using these
values, we can estimate as ST+1/S∞ ≈ 0.9996. There-
fore, ST is essentially the same as S∞. In other words,
income St becomes almost stationary within typical run-
ning weeks. This is why we can ignore the effect of finite
running weeks.
We conclude that the power-law behavior of the ROI
of movies is adequately simulated by Eq. (1). Meanwhile,
we need to be careful with data bias. The list of the
production budgets [24] is incomplete for movies having
low production budgets. Moreover, the listed budgets are
rough estimates, and tend to be less reliable in comparison
to the record of gross income. We need to study other
sales distributions, so as to ascertain that our theoretical
model (1) is applicable to actual data.
We consider Eq. (1) to be the minimal model for the
power-law sales distribution. It has a very simple form. It
does not directly consider the effects of consumers’ pref-
erence, advertisement, and word of mouse [26]; these fac-
tors are condensed into the random variable µt. Recall
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Figure 6: Frequency histogram of the running weeks of
top-100 movies in 2012. The average is 15.7 weeks.
that the aim of this letter is to give a simple mechanism
for the power-law behavior. We do not intend a detailed
and faithful description of a real phenomenon. Elaborate
analysis of a movie market deals with miscellaneous sta-
tistical data [27]. Although it is difficult to predict from
the proposed model whether a specific movie succeeds,
it can be useful to understand the overall market situa-
tion. Moreover, by virtue of the simplicity, we expect the
proposed model to be applicable to heavy-tailed behavior
other than movie income. In particular, our model can
lead to more efficient simulations of social and economic
phenomena, especially in the domain of market research.
The combination of a time-dependent quantity xt and its
summation St = x1+ · · ·+xt−1 concisely captures history
dependence. Therefore, we anticipate that the proposed
model becomes a theoretical basis for describing a variety
of power-law behavior in social phenomena.
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